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Abstract
In the rotational model for a K = 0 band in an even–even nucleus, there is a single parameter—
Q0, the intrinsic quadrupole moment. All B(E2)’s in the band and all static quadrupole moments
are expressed in terms of this one parameter. In shell-model calculations, this does not have to
be the case. In this work, we consider ground-state bands in 44Ti, 46Ti, 48Ti, 48Cr, and 50Cr.
We have two models. First, we use a Surface Delta Interaction with degenerate single-particle
energies (SDI-deg). We compare this with results of a shell-model calculation using the standard
interaction FPD6 and include the single-particle energy splitting. Neither model yields a perfect
rotational I(I + 1) spectrum, although the SDI-deg model comes somewhat closer. Overall, the




In a previous publication [1], we considered the relationship between the static quadrupole
moments of the 2+1 states and the corresponding B(E2)’s in the sd and fp shells. We used the
shell model to operationally define a ratio of intrinsic quadrupole moments Q0(S)/Q0(B),
where Q0(S) is obtained from the static quadrupole moments and Q0(B), from the B(E2)’s.
In the simple rotational model, this ratio would equal unity, and in the harmonic vibrator
model, it would equal zero.
There have been tests of this ratio in other models such as the Skyrme Hartree–Fock
model by Bender et al. [2, 3]. This same model has been used to test the systematics of
quadrupole deformations by Jaqaman and Zamick [4], Zheng et al. [5], Retamosa et al. [6, 7],
and more recently by Sagawa et al. [8].
In another vein, random interaction studies were performed by Vela´zquez et al. [9] and
by Zelevinsky and Volya [10]. They found two spikes (i.e., high probabilities) in the Alaga
ratio A = 5Q2/[16πB(E2)0→2] at A = 0 and A = A0 = 4/49, which can be associated with
the vibrational and rotational limits, respectively.
On the other hand, for the nuclei that we considered, the ratio Q0(S)/Q0(B) was, for the
most part, large, sometimes exceeding one, e.g., for 20Ne and 50Cr. The one exception was
40Ar, where the ratio was 0.06.




























where Q(I) is the (laboratory) static quadrupole moment of a state of angular momentum





























Note that both M(Q)2 and M(B)2→0 are equal to 1 by definition.
II. RESULTS








static quadrupole moment Q(2+1 ).
TABLE I: Q(2+) [e fm2], B(E2)0+→2+ [e
2 fm4], and RSB for
44,46,48Ti and 48,50Cr obtained from
a full fp shell calculation with the interactions SDI and FPD6.
SDI-deg FPD6
Q(2+) B(E2) ↓ RSB Q(2+) B(E2) ↓ RSB
44Ti −26.319 165.74 1.0092 −20.156 121.45 0.9029
46Ti −29.349 206.06 1.0093 −22.071 136.41 0.9329
48Ti −32.337 247.38 1.0149 −17.714 112.16 0.8257
48Cr −37.936 377.60 0.9638 −33.271 275.68 0.9892
50Cr −41.681 435.82 0.9856 −30.955 243.80 0.9787
In the rotational model,
















Furthermore, the ratio RSB = Q0(S)/Q0(B) should equal 1.
In Table I we give RSB for two models: a surface delta interaction with degenerate single-
particle energies (SDI-deg) and the more realistic calculation with the FPD6 interaction
including single-particle energy splittings, both in a full fp space. The strength of the SDI-
deg interaction was chosen to fit the experimental excitation energy of the 2+1 state. The
3
nuclei considered are 44Ti, 46Ti, 48Ti, 48Cr, and 50Cr. Note that, from Figs. 1–5, neither SDI-
deg or FPD6 have pure rotational spectra, although SDI is closer to a rotational spectrum,


































FIG. 1: Full fp space calculations of even-J states in 44Ti with the SDI-deg and FPD6 interactions,
and comparison with experiment.
The SDI-deg results for RSB are remarkably close to unity, ranging from 0.964 to 1.009.
With FPD6, the results range from 0.826 to 0.989—somewhat farther from unity, but again
noticeably close. Remember that, in a very simple model for a vibrational nucleus, the
ratio of RSB would be zero. Clearly the shell model shows greater resistence for the static









































FIG. 2: The same as Fig. 1 for 46Ti.
In Tables II–VI, we show the results of M(Q)I and M(B)I→I−2 for all the nuclei with
both interactions. We first look at M(Q)I for the surface delta interaction. For
44Ti, 46Ti,
and 48Ti, the values are slightly larger but remarkably close to unity, even for very high
spins, e.g., I = 12, 16, and 18 for A = 44, 46, and 48. In 48Cr the results are not so close
beyond I = 6, the values being 0.859, 0.766, and 0.779 for I = 8, 10, and 121. Strangely, for
50Cr the results are better up to I = 10. All in all, though, we are very far away from the
simple vibrational limit of zero.
If we look at M(B)I→I−2 with SDI-deg, the results up to the transition 8 → 6 are all
greater than 0.8 and less than unity for all nuclei considered. Beyond that, there are some















































FIG. 3: The same as Fig. 1 for 48Ti.
0.0044; however, M(B)122→101 is 0.6654.
Results for the more realistic FPD6 interaction including single-particle energies are also
shown in Tables I–VI. The results are over all not as close to unity as with SDI-deg. Still,
one gets some substantial static quadrupole moments. Sometimes, the lowest state of a
given angular momentum does not belong to a K = 0 band, e.g., the I = 6+1 state in
48Ti
or the 10+1 state in
50Cr. The sign of the static quadrupole moment is opposite to what one
would get assuming K = 0. In 48Ti, the second 6+ state fits better into this profile. The
near degeneracies of the 6+1 and 6
+
2 states in
48Ti has been discussed previously [11].
In previous works on 50Cr [12, 13], it was noted that the first 10+ state did not belong to


















































FIG. 4: The same as Fig. 1 for 48Cr.
the best for the 10+1 state. This is supported by the fact that the static quadrupole moment
is large and positive, while the K = 0 static moments are negative. Moreover, if it were
strictly K = 10 and the 8+1 were strictly K = 0, the B(E2) would be strongly inhibited.
The small value of M(B)101→8 = 0.2678 somewhat supports this. The decay 10
+
2 → 8+1 is
stronger, with M(B)102→8 = 0.6599.
Let us briefly discuss Figs. 1–5 corresponding to 44Ti, 46Ti, 48Ti, 48Cr, and 50Cr, respec-
tively. Although not perfect, the FPD6 interaction in a full fp space yields a pretty good
agreement for the energy levels of all nuclei here considered. The SDI interaction, for which
the 0–2 splitting is fitted to experiment, gives a more spread out spectrum. It is closer to an


















































FIG. 5: The same as Fig. 1 for 50Cr.
of the spectrum with SDI-deg is mainly due to the fact that there are no single-particle
splittings in this model, i.e., ǫf7/2 = ǫf5/2 = ǫp3/2 = ǫp1/2 .
Just to give some numbers, in 48Ti the experimental energy of the 12+1 state is 8.09 MeV,
FPD6 gives 8.31 MeV, and SDI-deg gives 15.98 MeV. Using the simple rotational model and
fitting the 0–2 splitting to experiment, the 12+1 state would, with an I(I + 1) spectrum, be
at 25.57 MeV.
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TABLE II: Ratios of intrinsic quadrupole moments M(Q)I and M(B)I→I−2 (see text) for
44Ti
using both SDI-deg and FPD6 interactions.
SDI-deg FPD6
I → I − 2 M(Q)I M(B)I→I−2 M(Q)I M(B)I→I−2
2→ 0 1 1 1 1
4→ 2 1.0092 0.9741 1.0534 0.9764
6→ 4 1.0176 0.9096 1.1047 0.8554
8→ 6 1.0276 0.8241 0.8498 0.6971
10→ 8 1.0406 0.7239 0.7800 0.6802
12→ 10 1.0556 0.5498 0.8472 0.5130
TABLE III: The same as Table II for 46Ti.
SDI-deg FPD6
I → I − 2 M(Q)I M(B)I→I−2 M(Q)I M(B)I→I−2
2→ 0 1 1 1 1
4→ 2 1.0159 0.9878 1.0349 0.9975
6→ 4 1.0328 0.9351 0.9483 0.9398
8→ 6 1.0295 0.8152 0.9522 0.8626
10→ 8 1.0270 0.7562 0.9362 0.7436
121 → 10 1.0131 0.0044 0.6763 0.4493
122 → 10 1.0658 0.6654 0.2357 0.2245
14→ 121 1.0331 0.6803 0.6724 0.3804
14→ 122 1.0331 0.0007 0.6724 0.2709
16→ 14 1.0480 0.5212 0.8911 0.0644
III. THE HARMONIC VIBRATOR
In the harmonic vibrator model, the nuclear shape oscillates between oblate and prolate.
One gets equally spaced spectra, i.e., the ground state has angular momentum I = 0, the
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TABLE IV: The same as Table II for 48Ti.
SDI-deg FPD6
I → I − 2 M(Q)I M(B)I→I−2 M(Q)I M(B)I→I−2
2→ 0 1 1 1 1
4→ 2 1.0172 1.0015 0.8654 1.0310
61 → 4 1.0276 0.9884 −0.8738 0.5016
62 → 4 0.2782 0.0309 0.8041 0.7124
8→ 61 1.0319 0.9598 0.6134 0.5768
8→ 62 1.0319 0.0016 0.6134 0.3832
10→ 8 1.0340 0.9193 0.8153 0.5682
12→ 10 1.0347 0.8589 0.5462 0.3616
14→ 12 1.0392 0.7821 0.8447 0.1491
16→ 14 1.0519 0.6657 0.9128 0.4386
18→ 16 1.0614 0.5062 1.0951 0.0646
first excited state has angular momentum I = 2 and energy E(2). At 2E(2) there are states
with I = 0, 2, and 4; at 3E(2) there are states with I = 0, 2, 3, 4, and 6; etc.
The selection rules and B(E2)’s relations are given in Bohr and Mottelson vol. 2, page
349 [14]. The equations for a transition are
∑
ζn−1In−1
B(Eλ;nλζnIn → nλ−1ζn−1In−1) = nλB(Eλ, nλ = 1→ nλ = 0) , (9)
i.e., there is stimulated emission—the more quanta there are, the bigger the B(Eλ). In
the above, nλ is the number of vibrational quanta, In is the angular momentum and ζn
stands for any additional quantum numbers. Bohr and Mottelson also give the selection
rule ∆nλ = ±1, which implies that static quadrupole moments vanish, consistent with the
opening sentence in this section [14].
Since we are considering transitions from a state with the maximum angular momentum
(Imax) of all degenerate states with nλ quanta, the final state for E2 transitions must have
I = Imax−2, so there is only one term in the left-hand side: Imax−2. Note that nλ = Imax/2
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TABLE V: The same as Table II for 48Cr.
SDI-deg FPD6
I → I − 2 M(Q)I M(B)I→I−2 M(Q)I M(B)I→I−2
2→ 0 1 1 1 1
4→ 2 0.9797 0.9998 1.0088 0.9887
6→ 4 0.9028 0.9851 0.9679 0.9600
8→ 6 0.8586 0.9592 0.9370 0.9101
10→ 8 0.7660 0.9121 0.7703 0.8028
121 → 10 0.7788 0.8839 0.1381 0.5277
122 → 10 1.3175 0.5786 0.5102
141 → 121 1.3722 0.0790 0.1675 0.5024
142 → 121 0.7588 0.8642 0.6645 0.1394
161 → 141 1.4145 0.4311 0.1537 0.3536
162 → 141 0.7379 0.1255 0.6231 0.1401
162 → 142 0.7379 0.6032 0.6231 0.5163
181 → 161 1.1348 0.0000 0.5938 0.0577
181 → 162 1.1348 0.0000 0.5938 0.4369
182 → 161 0.8025 0.0000 0.7394 0.0157















Note that M(B)I→I−2 increases steadily with I, which is not the case with SDI-deg
or FPD6. Some values of Mvib(B)I→I−2 for I = 0, 2, 4, 6, 8, and 10 are, respectively,









TABLE VI: The same as Table II for 50Cr.
SDI-deg FPD6
I → I − 2 M(Q)I M(B)I→I−2 M(Q)I M(B)I→I−2
2→ 0 1 1 1 1
4→ 2 0.9881 1.0027 1.0014 1.0074
6→ 4 0.9631 0.9954 0.5587 0.8785
8→ 6 0.9332 0.9807 0.6464 0.8154
101 → 8 0.9064 0.9557 −0.9601 0.2678
102 → 8 0.2300 0.6599
121 → 101 0.8857 −0.3819 0.3115
121 → 102 0.8857 −0.3819 0.2502
122 → 101 0.5044 0.1502
122 → 102 0.5044 0.5064
141 → 121 0.8482 0.8672 −0.2057 0.3662
141 → 122 0.8482 −0.2057 0.1013
142 → 121 0.3175 0.0947
142 → 122 0.3175 0.4982
16→ 141 0.2218 0.0943
16→ 142 0.2218 0.5892
18→ 16 0.1888 0.4213
20→ 18 0.5944 0.0619
22→ 20 1.0694
still growing steadily with I.
As mentioned before, the vibrational prediction for static quadrupole moments is




































FIG. 6: Comparison of the SDI-deg and rotational I(I + 1) spectra for 48Ti. Both interactions
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